In this paper, we define the Riesz transform on the dual of the Laguerre hypergroup associated with Plancherel measure and we give some properties for this transform. Also we investigate L p -boundedness of this operator and under this definition, the higher order Riesz transform is given. Moreover we establish that the Riesz transform can be extended as a principal value singular integral operator and it is a multiplier operator under the Fourier transform.
Introduction
In his monograph Stein (E. M. Stein, 1970) suggested the study of analogues of the fundamental operators in the classical harmonic analysis as well as in the theory of partial differential equations, such as Riesz transforms, conjugate Poisson integrals, multipliers, fractional integrals, maximal functions, square functions, ..., extensively in the literature in many different aspects and in a context of discrete or continuous expansions with respect to eigenfunctions of self-adjoint and positive differential operators that can be considered in the context of the Laguerre operator L α .
The study of these objects in the context of orthogonal expansions was initiated by the fundamental work of Muckenhoupt and Stein (B. Muckenhoupt & E. M. Stein, 1965) , which treated, among other things, one-dimensional ultraspherical expansions. Then Muckenhoupt elaborated the necessary tools and investigated Riesz transforms (or rather conjugate mappings) for Hermite and Laguerre expansions (B. Muckenhoupt, 1969; B. Muckenhoupt, 1970; B. Muckenhoupt, 1969) . However, he worked in the one-dimensional setting and used methods which are inapplicable in higher dimensions. In fact, passing with Riesz transforms to higher dimensions turned out not to be as straightforward as one could expect.
The importance of analyzing semigroups of completely positive maps on von Neumann algebras has been impressively demonstrated by the recent work of Popa, Peterson and Ozawa (M. Junge & T. Mei, 2010) and also occurs in the work of Shlyahktenko/Connes (A. Connes & Dimitri Shlyakhtenko, 2005) on Betti numbers for von Neumann algebras. A common thread in this analysis is to adapt some differential geometric concepts in the setting of von Neumann algebras. It was discovered by P. A. Meyer that the general theory of semigroups provides an appropriate framework to formulate Riesz transforms which relate the norm of different derivatives in the classical setting.
In this paper we investigate the Riesz transform associated with Laguerre operator on the dual of the Laguerre hypergroup. To achieve our goal we use a procedure that will be described below and that was developed for the first time by Torrea and others in J. J. Betancor, J. C. Fariña, L. Rodriguez-Mesa, A, Sanabria-Garcia and J. L. Torrea (2008) .
The organization of the paper is the following. Section 2 contains some basic facts and some representations for the semigroups needed in the sequel about the Laguerre hypergroup. In Section 3 we define the heat-diffusion semigroup, the Poisson-Laguerre semigroup and the fractional power based on a Laguerre operator.
Finally, Section 4 is devoted to defining the Riesz potential, the higher order Riesz transform on the dual of the Laguerre hypergroup and to proving the main result of this paper (theorem 1 and theorem 2) where we establish that the higher order Riesz transform is a principal value singular integral operator and it is a multiplier operator under the Fourier transform.
Throughout this paper, C will always represent a positive constant, not necessarily the same in each occurrence.
Preliminaries
In this section we set some notations and some basic results about the laguerre hypergroup. As basic references of the Laguerre hypergroup, we refer the reader to (M. Assal & H. Ben Abdallah, 2005 ; M. M. Nessibi & K. Trimeche, 1997) .
Notations:
We denote by:
• D(K) the space of C ∞ functions and having compact support on K.
•K = R × N the dual space of K.
•
where dγ α (λ, m) being the positive measure defined onK by:
, we consider the following partial differential operator, named the Laguerre operator:
Remark 1 For α = n − 1, n ∈ N * , the operator L is the radial part of the sublaplacian on the Heisenberg group H n .
m is the Laguerre polynomial of degree m and order α. Proposition 1 For (λ, m) ∈K, the function ϕ λ,m , is the unique solution of the following problem (N. M. Lebedev, 1972; A, Erdélyi, W. Magnus, F. Aberthettinger, & G. Tricomi, 1993) :
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We recall for (λ, m) ∈K and for a suitable function f : K −→ C, the Fourier-Laguerre transform is defined in (M. M. Nessibi & K. Trimeche, 1997; M. Assal & H. Ben Abdallah, 2005) by:
It has been proved in M. M. Nessibi & K. Trimeche (1997) that the Fourier-Laguerre transform given above is a topological isomorphism from S (K) to S (K) and its inverse is given by
is the Schwartz space of functions ψ : R 2 −→ C even with respect to the first variable, C ∞ on R 2 and rapidly decreasing together with all their derivatives; i.e. for all k, p, q ∈ N, we have
• S (K) the space of functions
is bounded and continuous on R, C ∞ on R * = R\0 and such that the left and the right derivatives at zero exist.
ii) For all k, p, q ∈ N, we have
where
We note that S (K) (resp. S (K)) equipped with the semi-norms
Proposition 2 For all (λ, m) ∈ R * × N and (x, t) ∈ K, we have
Proof. For all m ≥ 1, we have in M. M. Nessibi & K. Trimeche (1997) 
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Using these operators given in a above proposition and as in Miloud Assal (2009), we define operator onK
it is easily to see that
Where the topology on K is given by the norm N(x, t) = x 4 + t 2 , while we assign toK the topology generated by the quasi-semi-norm N(λ, m) = 4|λ|(α + m+1 2 ). In fact, the dual of the Laguerre hypergroupK can be topologically identified with the so-called Heisenberg fan , i.e., the subset embedded in R 2 given by )
Moreover, the subset {(0, μ) ∈ R 2 : μ ≥ 0} has zero Plancherel measure, therefore it will usually be disregarded.
It is easily to see that for an appropriate function Φ it follows that
We recall that (K, * , i) is an hypergroup in the sense of Jewett (R. I. Jewett, 1975) where i denotes the involution defined on K by i(x, t) = (x, −t). This hypergroup is the Laguerre hypergroup which can been seen as a deformation of the hypergroup of radial functions on the Heisenberg group (M. Assal & H. Ben Abdallah, 2005) .
Definition 1 The generalized translation operators T (α)
(x,t) on the Laguerre hypergroup are given for a suitable function f by:
They satisfy the following properties (see M. Assal & V. S. Guliyev, 2006):
• The convolution product of h and g in the space L 1 (K) is defined by:
Definition 2 The generalized translation operators T (α) (λ,m) onK are given for a suitable function f by:
where 
• The generalized convolution product onK is defined for a suitable pair of functions f and g by:
The following properties hold (see 1) For all (λ, m),(μ, n) ∈K and for an appropriate function f onK, we have:
and we have:
Semigroups

The Heat-diffusion Semigroup
The heat-diffusion semigroup {T t } t≥0 , associated to (L), is defined by (A. Pazy, 1983; R. Radha & D. Venku Naidu, 2008 )
is the heat kernel of the integral representation T t f . 
By the definition of the heat-diffusion semigroup {T t } t≥0 , we establish the following property.
Corollary 1 For (y, s) ∈ K and (λ, m) ∈K, we have
Proof. we have
The Fractional Power
For δ > 0, the negative power L −δ of L with respect to the measure dγ α is defined, as in (K. Stempak & Jose Luis Torrea, 2003) , by
It is not hard to prove that L −δ can be expressed, for f ∈ L 2 (K, dγ α ), by means of the following integral Kanjin & E. Sato, 1995; K. Stempak,1994) .
Proof. the proof is trivially by using Γ(δ) = ∞ 0 t δ−1 e −t dt and the change of variable u = t N(y, s).
The Poisson-Laguerre Semigroup
The Poisson-Laguerre semigroup {P t } t≥0 , associated to (L), is given by
Now,by using the Bochner subordination formula
2 /4s ds we obtain, after the change of variable w = t 2 N(y,s) (y, s) by N(y, s) in the proof of corollary 1, then the result is immediate.
Higher Order Riesz Transform
The Riesz Potential
For δ > 0, the Riesz potential of order δ, I δ , with respect to the measure dγ α is defined, as in the classical case (Iris A. Lopez & Wilfredo O. Urbina, 2004) , by
Proposition 6 The Riesz potential can be also writed as
After to replace P t f (λ, m) with his expression, the change of variable t = t 2 4u and the property of the function Gamma, we obtain: 
The Riesz Transform
For λ ∈ R * , the operator given by (2) can be written in the form:
Then the factorization of L suggests to define (formally), as in (K. Stempak & J. L. Torrea, 2003) the Riesz transform R α associated with L by
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is the kernel of the integral representation R f . Vol. 4, No. 3; 2012 From theorem 2, we have
